Using three-dimensional simulations, we study the dynamics and final structure of merging solitonic cores predicted to form in ultra-light axion dark matter halos. The classical, Newtonian equations of motion of a self-gravitating scalar field are described by the Schrödinger-Poisson equations. We investigate mergers of ground state (boson star) configurations with varying mass ratios, relative phases, orbital angular momenta and initial separation with the primary goal to understand the mass loss of the emerging core by gravitational cooling. Previous results showing that the final density profiles have solitonic cores and NFW-like tails are confirmed. In binary mergers, the final core mass does not depend on initial phase difference or angular momentum and only depends on mass ratio, total initial mass, and total energy of the system. For non-zero angular momenta, the otherwise spherical cores become rotating ellipsoids. The results for mergers of multiple cores are qualitatively identical.
INTRODUCTION
If dark matter consists of a cold, ultra-light (pseudo)scalar field, the statistical distribution and structural properties of collapsed halos may be modified with respect to the predictions of standard cold dark matter (CDM) [1] [2] [3] [4] . String theory compactifications provide a class of well-motivated candidate particles with axionlike properties which are naturally ultra-light, so-called ultra-light axions (ULAs) [5] . Observations that are sensitive to the small-scale structure of dark matter halos thus open a unique window onto fundamental physics.
Roughly speaking, Heisenberg's uncertainty relation suppresses gravitational collapse on scales below the de Broglie wavelength of particles with virial velocities [6, 7] . For halo masses of 10 8 M at z ∼ 5, this is of the order of kpc if the particle mass is m ∼ 10 −22 eV [8] . The strongest constraint in this mass range to date follows from the predicted suppression of early galaxy formation and the measured optical depth to reionization, yielding m > 10 −22 eV [3] . While ULAs provide a wellmotivated class of candidate particles, the same phenomenology applies more generally to any massive scalar field with negligible self-interactions in a coherent nonthermal state, e.g. as a consequence of being produced by vacuum realignment, which include subclasses of scalar field dark matter (SFDM) [9] [10] [11] and Bose-Einstein condensate (BEC) dark matter [12] [13] [14] [15] . The class of scalars with negligible self-interactions in the mass range relevant for constraints from structure formation is often referred to as fuzzy dark matter (FDM) [6] . We will follow this convention here.
To clearly distinguish the effects of FDM from other modifications of CDM with suppressed small-scale growth such as warm dark matter, it will be necessary to search for generic signatures of FDM on halo density profiles and substructure. One such signature may be the existence of compact solitonic cores embedded in a halo with NFW-like density profile, found in cosmological simulations that used the comoving Schrödinger-Poisson (SP) equations to model FDM [16] (who used the notation ΨDM to emphasize the wavelike nature of dark matter). Their density profiles are governed by well-known equilibrium solutions for self-gravitating scalar fields in the nonrelativistic regime whose properties have been studied intensively in the context of Newtonian boson stars [17] [18] [19] and BEC dark matter [20] [21] [22] [23] . The core mass obeys a scaling relation with the mass of the host halo, M c ∼ M 1/3 h , which can be motivated by identifying the characteristic scale height of the solitonic core with the virial velocity de Broglie wavelength [24] . The presence of solitonic cores was used to fit the profiles of dwarf galaxies and suggested as a possible solution of the cuspcore problem in CDM cosmologies [4, 25] . In collisions of solitonic cores with exact phase opposition, destructive interference gives rise to a short-range repulsive force between the cores [23] . As the authors of [23] pointed out, in the context of galaxy cluster observations with indications of an offset between dark and stellar matter [26, 27] , this effect can provide an alternative explanation to selfinteracting dark matter.
These results suggest a rich phenomenology of hierarchical structure formation in the presence of solitonic halo cores. They motivate an investigation of their potential impact on halo substructure, baryonic physics, and the properties of the earliest generation of galaxies. Ideally, this would be achieved by direct simulations of the SP equations in large cosmological boxes. Requirements on the spatial resolution of the SP equations, however, limit the box size of currently affordable simulations to ∼ 1 Mpc 3 in the interesting range of m ∼ 10 −22 eV [16] , making a detailed study of halo and subhalo core mergers infeasible.
On the other hand, since the time scales for major mergers and subhalo evolution (determined by dynamical friction) are large compared to the gravitational time scales of the cores, much can be learned from the simplified problem of isolated mergers of two cores with different characteristic properties. One of the key questions is the efficiency of gravitational cooling of the newly formed core to shed mass and angular momentum as a function of the binary parameters [28, 29] . The results can be used, for instance, in semi-analytic models for galaxy formation in FDM cosmologies.
In this work, we therefore address the simplified setup of merging solitonic cores in three-dimensional SP simulations. This allows us to perform parameter studies of total energy, mass ratio, angular momenta, and relative phase in order to map out their impact on the merging time, final core mass, and final angular momentum. Collisions and mergers of Newtonian boson stars have been studied extensively in 2D [30, 31] but we are unaware of fully three-dimensional simulations with no imposed symmetries. Furthermore, a systematic investigation of final core masses after relaxation by gravitational cooling has been lacking so far. In addition to studying binary mergers, we also relax the assumption of isolated events by considering mergers of multiple cores in fast succession in order to compare our results with those presented in [24] .
The remainder of this paper is structured as follows. In section II we briefly outline the underlying theory. Our numerical methods are described in section III. In section IV we summarize results from an in depth analysis of binary mergers of two solitonic cores. In section V we extend this investigation to mergers of multiple cores. We conclude in section VI.
II. SOLITONIC HALO CORES
The nonrelativistic dynamics of a coherent massive scalar field can be described by a function ψ which is governed by the Schrödinger-Poisson (SP) equations
where the density is defined as ρ = |ψ| 2 . Simulations of the (comoving) SP equations with cosmological initial conditions show the formation of halo cores with solitonic profiles [16] that coincide with spherically symmetric, stationary solutions of the SP equations otherwise known as (nonrelativistic) boson stars [32] [18, 19] . Their radial density profile is well approximated by [24] ρ c (r) ρ 0 1 + 0.091 · (r/r c )
where r c is the radius at which the density drops to onehalf its peak value and the central density is given by
As in [24] , we define the core mass M c as the mass enclosed by r c and note that in the case of a core with total mass M it is
8.64 × 10 [24] show evidence for the same scaling relation between M c , E, and M for the final state of multiple core mergers where E and M refer to the total energy and mass of the system instead of just the core. We revisit this claim in section V below. The SP system and consequently the stationary solutions obey a scaling symmetry of the form [33] :
where λ is an arbitrary parameter. Note that
consistent with the relation between the average density of the core and its Jeans length [6] . Throughout this paper we use an axion mass m = 2.5 × 10 −22 eV.
III. NUMERICAL METHODS
The Schrödinger equation in comoving coordinates [7] was implemented into the cosmological hydro code Nyx [34] in order to facilitate its later use for combined simulations of dark matter and baryons. The field ψ is discretized on a grid as an additional dark matter component and integrated using a 4th order Runge-Kutta solver. We employed the multigrid Gauss-Seidel redblack Poisson solver provided by Nyx to compute the gravitational potential. The cosmological scale factor was set to a = 1 in all of the simulations reported here. All simulations used a grid size of 512 3 cells. In all runs, the total mass
and energy
of the system was monitored. In the second line of Equation 8, we used the Madelung representation [35] 
and in the last line we divided the total energy into gradient energy K ρ , kinetic energy K v , and potential energy W . Besides total energy, each contribution was measured separately in order to follow the dynamics of a particular system more closely. We use units
was verified assuming that the density falls off sufficiently rapidly that boundary terms vanish. Owing to Equation 6, the quantities defined above obey the scaling relations
During the relaxation of the system, waves emitted by the merger carry mass and energy toward the numerical boundaries. In order to avoid spurious reheating from reflected waves, we follow [18] and place a 'sponge' in the outer regions of the grid by adding an imaginary potential
to the Schrödinger equation which efficiently absorbs matter. Here r is the distance from the center of the numerical domain. The Heaviside function Θ ensures that the non-physical sponge is only added in the outer regions r > r p . Let r N be half the box size. We then set r p = 7/8r N , r s = (r N + r p )/2, δ = (r N − r p ) and V 0 = 0.6. Although our numerical domains are always cubic, we use a spherical sponge since the final states of our simulations are approximately spherically symmetric. In all runs, the time steps were chosen such that they fulfill the Courant-Friedrichs-Lewy (CFL) condition [36] ∆t ≤ max m 6 ∆x 2 , m|V | max (13) where in all conducted runs the first argument is more stringent than the second. We tested our code by considering a single solitonic core. It was shown in [18, 30] that it is a virialized attractor solution of a broad class of initial conditions. Hence, we expect the core to be stable with low-amplitude excitations caused by numerical errors.
The excitation manifests itself in a periodic variation in the central density. Its amplitude decreases faster than quadratically with resolution implying fast convergence of our code. The central density varies at most on the percent level if r c is resolved by at least 3 cells. For the simulations described below, the typical resolution is greater than 4 cells for all binary mergers and most multiple mergers. The oscillation frequency matches the one found in [18] . While kinetic and potential energy oscillate with opposite phase, total mass and energy are conserved to better than 10 −3 . The oscillation of ψ in the complex plane has the expected frequency [18] .
We checked convergences of our code also for binary mergers. Increasing the resolution by a factor of two alters the results only negligibly. In all runs conserved quantities stay constant to better than 10 −3 until matter is absorbed by the sponge.
We use the yt toolkit [37] for our analysis of numerical data and for the volume rendering of Figure 4 and Figure 8 . Core profiles were fitted employing the radial density profile routines around the density maxima. Although cores with non-vanishing angular momentum are not expected to be perfectly spherical, we find that they can be well fitted by Equation 3 . Below, we therefore always assume spherical symmetry of the final state.
IV. BINARY CORE MERGERS
One of the distinctive features of hierarchical structure formation in FDM cosmologies is the presence of halo and subhalo cores evolving under a sequence of binary mergers which, to very good approximation, can be considered as isolated events.
As a consequence of the scaling relations in Equation 6, the initial conditions for an arbitrary binary collision are fully parametrized by few defining parameters, i.e. the relative velocity v || and distance d between the cores, the mass ratio µ and total mass M , the phase difference Φ, and the angular momentum L z perpendicular to the orbital plane chosen to be in the x-y-plane.
There are two distinct regimes. If the two cores are unbound (E > 0) they superpose and pass through each other almost undisturbed [30, 31, 38, 39] , behaving like solitons in this regime. If instead the cores are bound (E < 0), they merge rapidly forming a new core [30] . Our main result is that the mass of the emerging core is largely independent of the initial angular momentum, distance and relative phase, but depends on the ratio of initial core masses and total energy.
In order to analyse the unbound case, we consider two solitonic cores with 
roughly corresponding to the present cosmic critical density, giving a core radius r c 11.6 kpc. We emphasize that all results are independent of this overall scaling of the problem. The two cores are placed centrally in a 512 kpc cubic box with d = 256 kpc yielding E 8.2 × 10 6 M km 2 s −2 . Figure 1 shows the density profiles along the symmetry axis and the evolution of global quantities (mass and energy components) for two runs with relative phases Φ = 0 and Φ = π. The final density distribution as well as the evolution of the global quantities are practically indistinguishable in both cases. Only the interference pattern at the time of superposition depends on the relative phase.
The observed interference pattern follows directly from a superposition of the two solitonic cores. Initially, the cores are placed at ±x(t = 0) = ±d/2. The corresponding wavefunction ψ(t, x) is given by ψ(t, x) = A 1 (|x +x|)e where (A 1 ) 2 and (A 2 ) 2 are the density profiles of the two cores and k = mv || / is the wavenumber corresponding to their relative velocity. The time t int of maximal interference is defined byx(t int ) = 0. At that time,
We thus expect that the period of the interference pattern is given by the de Broglie wave length
corresponding to the relative velocity. Here, λ 12 kpc. It is therefore well resolved by 12 cells. The interference pattern predicted by Equation 16 matches the numerical results as seen in Figure 1 . During the interaction, gravity slightly contracts the density profiles. Neglecting this small effect, we see that they remain in a superposition state of two solitonic cores even during their interaction. As expected, the potential energy mildly increases during the collision, while mass and total energy are conserved. During the collision, the kinetic energy from the cores' relative motion is stored in the interference pattern, strongly boosting the gradient energy contribution K ρ . At later times, the energy is transferred back to the cores' motion. There is no significant decrease in velocity or deformation of the density profiles due to the collision. The cores thus indeed behave like solitons in this regime.
The evolution of a bound binary system with negative total energy is very different. In this case, the cores rapidly merge and relax to a new solitonic core by gravitational cooling [40] . One interesting exception is the case of binary collisions with perfect phase opposition Φ = π and equal masses µ = 1 during which the destructive interference gives rise to a repulsive effect, causing the cores to bounce off each other [23] .
For our study of bound binary collisions, we placed two halos along the central axis in a 1024 kpc cubic box with d = 256 kpc. As before, the cores are scaled such that the central density of the heavier core obeys ρ(0) = ρ cr . We need the larger box compared to the previous runs since the two halos emit mass while merging. We require this mass to be able to propagate sufficiently far away from the merger before being absorbed inside the sponge.
In Figure 2 , we show the mass, energy and angular momentum evolution of two representative runs with µ = 1, v || = 0 km/s and L z = 2.4×10 4 M Mpc km/s. We again emphasize that the system can be arbitrarily rescaled using Equation 6 without changing the results. On the left, the two cores are in phase. They merge after approximately one free fall time, t ff 0.94 Mpc/km s, and form a new excited solitonic core within roughly one os- cillation period. The core's frequency f 8 km/Mpc/s, implies that it consists of only 70% of the initial mass [18] whereas approximately 30 % of the initial total mass was radiated off by gravitational cooling. This estimate is confirmed by the evolution of the total core mass M c = M c,1 + M c,2 and the total mass M shown in Figure 3 . Initially, M c 1 4 M as expected, decreasing roughly by 30% during the merger. After a while, the ejected mass reaches the sponge and is absorbed. This does not alter the results, since in all conducted runs, the ejected mass is roughly an order of magnitude above the escape velocity v esc = 2GM/r and will not fall back onto the core.
In the case of solitonic cores with equal mass (µ = 1) but opposite phase (Φ = π), the destructive interference gives rise to a repulsive interaction, causing the cores to bounce off each other several times before merging (cf. right panel of Figure 2 ). This behaviour was also observed in [23] . The arrows indicate the bounces which result in a noticeable compression of the individual cores.
Radiation produced by each encouter results in a damping of the bounces and a decreasing amplitude of the compression. Eventually, the symmetry is broken by the accumulation of small numerical errors producing a slight phase shift, causing the cores to merge in the end. At later times, the evolution is qualitatively identical to the case with Φ = 0 as can be seen by comparing the core and halo mass evolution in Figure 3 .
Volume rendered images of both runs are shown in Figure 4 . Especially in the upper panels, a noticeable eccentricity of the newly formed core can be recognized. These rotating ellipsoids are qualitatively those investigated in [22, [41] [42] [43] [44] . In particular, their internal velocity fields roughly confine density distributions on elliptical orbits. A slice through a representative ellipsoid is shown in Figure 5 . Further analysis will be the subject of future work.
We tested the sensitivity of the repulsive interaction to small deviations from exact phase opposition by considering a phase difference Φ = 7/8π. In this case, only a single bounce occurs before the cores merge. Similarly, for a mass ratio µ = 2 and Φ = π the cores merge without any observable repulsion. These results suggest that in any realistic scenario absent finely tuned phase opposition and mass equality, repulsive behavior of colliding solitonic cores can be ignored for all practical purposes.
We conducted a series of binary mergers spanning the parameter space (µ, Φ, L z ). For all runs, we set v || = 0 km/s, µ ≤ 2, and L z ≤ 7.2 × 10 4 M Mpc km/s so that the cores are bounded and overlap when reaching the semi-minor axis. Our main result is that the core mass evolution is nearly independent of these pa- rameters within the considered ranges. In all cases, the mass of the emerging core is approximately 70% of the sum of the progenitors' core masses. The core and total mass evolution of eight representative runs are shown in Figure 3 . The ratio between final core and total masses is approximately one fifth implying that 80% of the remaining bound mass resides in the solitonic core while the remainder has formed a diffuse halo around it. Note that due to the restriction to small angular momenta and mass ratios, the total energy varies only very little for all runs. The energy dependent final core masses M c (E) of the above runs are shown in Figure 7 (run 1).
Assuming a constant fraction of final to initial core masses of ∼ 70% even for µ = 1 implies that the final core is less massive than the more massive progenitor if µ 7/3. We therefore expect the change of M c of the more massive core to saturate at roughly this mass ratio. This is qualitatively confirmed by our simulations. For µ 2, the less massive core is completely disrupted and forms a diffuse halo. Figure 6 shows the core mass evolution for different mass ratios (left). Here, the initial core mass corresponds to the more massive core. On the right, the final radial density profiles can be seen. They consist of a solitonic core well fitted by Equation 3 and a shallow outer tail. Interestingly, the tails in all cases approximately follow a power law decline with a logarithmic slope of roughly −3 as expected for the outer parts of a Navarro-Frenk-White (NFW) halo profile. This behavior is consistent with the results of [24] but finding NFW-like halos already in the case of binary mergers suggests that it may be more robust than previously expected.
The fitted core masses are mildly energy dependent as can be seen in Figure 7 (run 2). They very broadly follow 
In Figure 7 , the final core mass M c is normalized to the initial total mass M in order to obtain an invariant relation with respect to the scaling properties given in Equation 11. For a single solitonic core, M c /M 0.237 and |E|/M of infinite mass ratio. A single core is the ground state solution of the SP system. It is therefore the point of minimum energy and maximum core mass per total mass.
Finally, we conducted a series of runs with Φ = 0, µ = 1, L z = 0 and varying d and v || over a wide range of energies. The fitted final core masses are collectively shown in Figure 7 (run 3). The dashed line corresponds to
indicating a weaker energy dependence for µ = 1 than for larger mass ratios.
In conclusion, our results for binary mergers show consistently that the final core mass does not depend on initial phase difference but only on mass ratio, total initial mass, and total energy of the system. It depends on angular momentum, relative distance and velocity only via the total energy.
V. MERGERS OF MULTIPLE CORES
In order to study more complex, non-equlibrium problems we follow [24] and investigate mergers of multiple cores. From our previous analysis we know that the merging time of binaries is negligible with respect to the typical free-fall time. We can therefore safely assume that a multimerger consists of a series of binary mergers within a deeper gravitational well.
For all runs, we draw halo masses from a Gaussian distribution within the 2σ-band around a chosen average halo mass. We then place the halos uniformly inside the central numerical domain, rejecting positions that would result in an overlap of halos or close proximity to the outer sponge. Rejected halo positions are redrawn until acceptable. Halos are initialized with random phases. We simulated multimergers of up to 13 halos. As a typical example, Figure 8 shows the volume rendered images of a multimerger with 13 halos at three different times. The final radial density profiles for all runs are presented in Figure 9 . As in the case of binary mergers and in full agreement with [24] , their central regions can be fitted with a solitonic core profile, Equation 3, while the tails fall off like r −3 consistent with the outer profile of an NFW halo. The final core masses are summarized in Figure 7 (run 4). We cannot confirm the M c ∼ (E/M ) 1/2 scaling shown in [24] which may in part be a consequence of the fact that, in contrast with their analysis, all results in Figure 9 are normalized to the initial total mass M . This eliminates any scaling with energy originating only from the scale invariance of the SP system, making the results more sensitive to the intrinsic energy dependence of multimergers. We verified that this discrepancy is unrelated to the initial phase shifts of individual halos.
VI. CONCLUSIONS
We presented an investigation of merging solitonic halo cores in full three-dimensional simulations of the Schrödinger-Poisson (SP) equations without assuming any symmetries. These cores have been predicted to form in the center of ultra-light axion dark matter halos. Their structure is identical to Newtonian oscillaton solutions also known as boson stars.
Our results demonstrate a number of robust features of binary core mergers. Qualitatively, bound systems rapidly merge within roughly one oscillation period of the emerging core after approaching to a distance at which the characteristic core radii overlap. It was shown in [45] that luminous matter cannot follow these extreme dynamics and is expelled from the gravitational potential.
During this dynamical phase, gravitational cooling is most efficient and essentially determines the loss of mass and angular momentum of the merged core, while continuing to dampen its excitations during the ensuing several oscillation periods. One exception is the case of perfect phase opposition and equal masses in which case the cores initially repel each other, leading to a bouncing behavior until small accumulated phase differences again cause a rapid merger on a dynamical time scale. Owing to the fine tuning required for this situation, we do not consider it relevant in the context of cosmology.
The mass of the emerging core does not directly depend on the binary angular momentum, initial distance, and phase shift between the solitonic cores. It does depend weakly on their mass ratio and total energy. The mass of the more massive core can only be enhanced by binary mergers with mass ratio µ < 7/3. Otherwise, the smaller core is completely disrupted and forms an NFW-like halo around the more massive one.
Neither for the binary mergers nor for the sample of multiple core mergers we were able to reproduce the scaling of core mass with total energy and mass, M c ∼ (E/M ) 1/2 , reported in [24] . After normalizing our results to equal total mass using the scale invariance of the SP equations in order to eliminate spurious scaling behavior, we find no convincing evidence for a universal scaling of core mass with total energy. More detailed analysis with larger ranges of M c and E and comparison to cosmological simulations of the SP system are needed to further elucidate this discrepancy. The final states of both the binary and multimergers are roughly spherical symmetric. We confirm that their radial density profiles consist of a solitonic core well modeled by Equation 3 and an NFW-like outer region falling off as r −3 [24] . If the system is initialized with non-zero total angular momentum, we qualitatively recover the rotating ellipsoidal cores studied in [22, [41] [42] [43] [44] .
Our results are useful for a refined modeling of the properties of halo cores in FDM cosmologies, for instance in stochastic merger tree realizations of the halo and subhalo population [46] . This approach complements other simplified structure formation models that include the effects of the linear transfer function [47, 48] and massdependent collapse barrier [2, 3, 49] but neglect the presence of solitonic cores. They might also help to understand the relation of core and halo masses in cosmological FDM simulations [24] . Eventually, the consequences of solitonic cores for galaxy evolution will have to be better understood in order to tighten the constraints on ultralight axion masses from reionization, the UV luminosity function, or halo substructure. Simulations of more realistic cosmological setups including baryonic physics are in preparation.
